
 

 

STUDY MATERIALS 

SUBJECT:  MTMH 

PAPER- C2     UNIT-2 
 

 

 

 

DR. SANGITA CHAKRABORTY 

ASSOCIATE PROFESSOR 

DEPT. OF MATHEMATICS 

   KHARAGPUR COLLEGE 

 

 

 

 

LECTURE # 3 

18/01/2021 

 

 

 

 

 

 

 

 

 



 

1. Theorem:  If 𝒂, 𝒃 ∈ ℤ , not both zero, and 𝒌 ∈  𝒁ା  then  𝒈𝒄𝒅ሺ𝒌𝒂, 𝒌𝒃ሻ ൌ  𝒌. 𝒈𝒄𝒅ሺ𝒂, 𝒃ሻ. 

    Proof ⟶    Let  𝑑 ൌ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ. Then ∃ 𝑢, 𝑣 ∈ ℤ  s.t.  𝑑 ൌ 𝑎. 𝑢  𝑏. 𝑣 ;  𝑑|𝑎  and  𝑑|𝑏 . 
                       Now 𝑑|𝑎 ⟹ 𝑘. 𝑑|𝑘. 𝑎   and  𝑑|𝑏 ⟹ 𝑘. 𝑑|𝑘. 𝑏 . 
                       ⟹ 𝑘. 𝑑  is a common divisor of  𝑘. 𝑎  and  𝑘. 𝑏 . 
                       Let 𝑐 be any other common divisor of  𝑘. 𝑎  and  𝑘. 𝑏 . 
                       ∴  𝑐|𝑘. 𝑎 ⟹ 𝑘. 𝑎 ൌ 𝑚. 𝑐   𝑎𝑛𝑑   𝑐|𝑘. 𝑏 ⟹ 𝑘. 𝑏 ൌ 𝑛. 𝑐 ;  𝑚, 𝑛 ∈  ℤ . 
                       Now  𝑘. 𝑑 ൌ 𝑘. ሺ𝑎. 𝑢  𝑏. 𝑣ሻ ൌ 𝑚. 𝑐. 𝑢  𝑛. 𝑐. 𝑣 ൌ ሺ𝑚. 𝑢  𝑛. 𝑣ሻ. 𝑐 
                       ⟹ 𝑐|𝑘. 𝑑 .   
                       Consequently,  𝑘. 𝑑 ൌ  𝑔𝑐𝑑ሺ𝑘𝑎, 𝑘𝑏ሻ. i.e.,  𝑔𝑐𝑑ሺ𝑘𝑎, 𝑘𝑏ሻ ൌ  𝑘. 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ . 
 
3. Theorem:  If 𝒂, 𝒃 ∈ ℤ , not both zero, then 𝒈𝒄𝒅ሺ𝒂, 𝒃ሻ ൌ 𝟏 if and only if  ∃  𝒖, 𝒗 ∈ ℤ  
                       s.t.  𝟏 ൌ 𝒂. 𝒖  𝒃. 𝒗  . 
 
   Proof ⟶     Let  𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ ൌ 1. Then ∃  𝑢, 𝑣 ∈ ℤ   s.t.  1 ൌ 𝑎. 𝑢  𝑏. 𝑣  . 
                       Conversely, let  ∃  𝑢, 𝑣 ∈ ℤ  s.t.  1 ൌ 𝑎. 𝑢  𝑏. 𝑣  and let 𝑑 ൌ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ. 
            Since  𝑑|𝑎  and  𝑑|𝑏 then  𝑑|ሺ𝑎. 𝑥  𝑏. 𝑦ሻ ;  ∀ 𝑥, 𝑦 ∈ ℤ . 
                       ⟹ 𝑑|1  ⟹ 𝑑 ൌ 1 ,  since  𝑑 ∈  𝑍ା .  
                       ⟹ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ ൌ 1 . 

4. Theorem:  If  𝒅 ൌ 𝒈𝒄𝒅ሺ𝒂, 𝒃ሻ , 𝐭𝐡𝐞𝐧   𝒈𝒄𝒅 ቀ
𝒂

𝒅
, 𝒃

𝒅
ቁ ൌ 𝟏 . 

    Proof ⟶    Let  𝑑 ൌ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ . Then  𝑑|𝑎  and  𝑑|𝑏 . 

                       𝑑|𝑎 ⟹  ∃  𝑚 ∈ ℤ   s.t.  𝑎 ൌ 𝑚. 𝑑  ; 𝑑|𝑏 ⟹  ∃  𝑛 ∈ ℤ   s.t.  𝑏 ൌ 𝑛. 𝑑  . 

           Now  


ௗ
ൌ 𝑚 ,



ௗ
ൌ 𝑛 ;  so   



ௗ
  and  



ௗ
  are integers. 

                      Since 𝑑 ൌ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ then ∃  𝑢, 𝑣 ∈ ℤ   s.t.  𝑑 ൌ 𝑎. 𝑢  𝑏. 𝑣 . 

           ⟹ 1 ൌ ቀ


ௗ
ቁ . 𝑢  ቀ



ௗ
ቁ . 𝑣  .    ⟹  𝑔𝑐𝑑 ቀ



ௗ
, 

ௗ
ቁ ൌ 1 . 

 

5. Theorem:  If  𝒂|𝒃. 𝒄  𝒂𝒏𝒅  𝒈𝒄𝒅ሺ𝒂, 𝒃ሻ ൌ 𝟏 , 𝒕𝒉𝒆𝒏   𝒂|𝒄 . 

    Proof ⟶   𝑎|𝑏. 𝑐 ⟹  ∃  𝑘 ∈ ℤ   s.t.  𝑏. 𝑐 ൌ 𝑘. 𝑎    
          𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ ൌ 1  ⟹  ∃  𝑢, 𝑣 ∈ ℤ   s.t.  1 ൌ 𝑎. 𝑢  𝑏. 𝑣  . 

                      ⟹ 𝑐 ൌ 𝑎. 𝑢. 𝑐  𝑏. 𝑣. 𝑐  ⟹ 𝑐 ൌ 𝑎. 𝑢. 𝑐  𝑘. 𝑎. 𝑣 ൌ ሺ𝑢. 𝑐  𝑣. 𝑘ሻ. 𝑎  .                            
                      ⟹  𝑎|𝑐  .  [ Since  𝑢. 𝑐  𝑣. 𝑘 ∈ ℤ ሿ 
 
6. Theorem:  If  𝒂|𝒄  𝒂𝒏𝒅  𝒃|𝒄  𝒘𝒊𝒕𝒉  𝒈𝒄𝒅ሺ𝒂, 𝒃ሻ ൌ 𝟏 , 𝒕𝒉𝒆𝒏   𝒂. 𝒃|𝒄 . 

    Proof ⟶   𝑎|𝑐 ⟹  ∃ 𝑚 ∈ ℤ   s.t.  𝑐 ൌ 𝑚. 𝑎  ;  𝑏|𝑐 ⟹  ∃ 𝑛 ∈ ℤ   s.t.  𝑐 ൌ 𝑛. 𝑏   
          𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ ൌ 1  ⟹  ∃  𝑢, 𝑣 ∈ ℤ   s.t.  1 ൌ 𝑎. 𝑢  𝑏. 𝑣 ⟹ 𝑐 ൌ 𝑎. 𝑢. 𝑐  𝑏. 𝑣. 𝑐 

           ⟹ 𝑐 ൌ 𝑎. 𝑢. 𝑛. 𝑏  𝑏. 𝑣. 𝑚. 𝑎 ൌ 𝑎. 𝑏. ሺ𝑢. 𝑛  𝑣. 𝑚ሻ 
                      ⟹  𝑎. 𝑏|𝑐  .  [ Since  𝑢. 𝑛  𝑣. 𝑚 ∈ ℤ ሿ 
 
 

 



7. Theorem:  If  𝒈𝒄𝒅ሺ𝒂, 𝒃ሻ ൌ 𝟏  and  𝒈𝒄𝒅ሺ𝒂, 𝒄ሻ ൌ 𝟏  then  𝒈𝒄𝒅ሺ𝒂, 𝒃. 𝒄ሻ ൌ 𝟏 . 

    Proof ⟶   𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ ൌ 1  ⟹  ∃  𝑢, 𝑣 ∈ ℤ   s.t.  1 ൌ 𝑎. 𝑢  𝑏. 𝑣   …… (i) 
                      𝑔𝑐𝑑ሺ𝑎, 𝑐ሻ ൌ 1  ⟹  ∃  𝑝, 𝑞 ∈ ℤ   s.t.  1 ൌ 𝑎. 𝑝  𝑐. 𝑞   ……(ii) 

From (i) & (ii) we get:  𝑏. 𝑣 ൌ 1 െ 𝑎. 𝑢  … (iii) 
  and 𝑐. 𝑞 ൌ 1 െ 𝑎. 𝑝  … (iv) 

Multiplying (iii) & (iv) we get,  𝑏. 𝑐. ሺ𝑣. 𝑞ሻ ൌ 1 െ 𝑎. 𝑝 െ 𝑎. 𝑢  𝑎 ଶ. 𝑢. 𝑝                                       
 ⟹ 𝑎. ሺ𝑢  𝑝 െ 𝑎. 𝑢. 𝑝ሻ  𝑏. 𝑐. ሺ𝑣. 𝑞ሻ ൌ1                                                                    

                      ⟹  𝑔𝑐𝑑ሺ𝑎, 𝑏. 𝑐ሻ ൌ 1 .  [ Since  ሺ𝑢  𝑝 െ 𝑎. 𝑢. 𝑝ሻ, 𝑣. 𝑞 ∈ ℤ ሿ 
 

EUCLIDEAN ALGORITHM : 

Euclidean algorithm is an efficient method of finding the gcd of two given integers by repeated 
application of the division algorithm. 
 
Procedure ⟶ Let 𝑎 , 𝑏  be two integers. Without loss of generality, let us assume 𝑎  𝑏  0, 
since  gcdሺ𝑎, 𝑏ሻ ൌ gcd ሺ|𝑎|, |𝑏|ሻ. 
Applying the division algorithm successively, we obtain the following relations : 
 
𝑎 ൌ 𝑏. 𝑞ଵ   𝑟ଵ  ;   0 ൏ 𝑟ଵ ൏ 𝑏 ,    ሾ𝑞ଵ ൌ 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡, 𝑟ଵ ൌ 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 ് 0, when 𝑎 is divided by 𝑏ሿ  
𝑏 ൌ 𝑟ଵ. 𝑞ଶ  𝑟ଶ  ;   0 ൏ 𝑟ଶ ൏ 𝑟ଵ ,   ሾ𝑞ଶ ൌ 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡, 𝑟ଶ ൌ 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 ് 0, when 𝑏 is divided by 𝑟ଵሿ  
𝑟ଵ ൌ 𝑟ଶ. 𝑞ଷ  𝑟ଷ  ;   0 ൏ 𝑟ଷ ൏ 𝑟ଶ ,   ሾ𝑞ଷ ൌ 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡, 𝑟ଷ ൌ 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 ് 0, when 𝑟ଵ is divided by 𝑟ଶሿ 
… … … … …    This process continues until some zero remainder appears. 
𝑟ିଶ ൌ 𝑟ିଵ. 𝑞  𝑟  ;  0 ൏ 𝑟 ൏ 𝑟ିଵ , ሾ𝑞 ൌ 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡, 𝑟 ൌ 𝑟𝑒𝑚𝑎𝑖𝑛𝑑𝑒𝑟 ് 0, when 𝑟ିଶ is         
                                      divided by 𝑟ିଵ ; let us assume that 𝑟 is the last non-zero remainder] 
𝑟ିଵ ൌ 𝑟. 𝑞ାଵ  0  ;  0 ൏ 𝑟 ൏ 𝑟ିଵ , ሾ𝑞ାଵ ൌ 𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡, 𝑟ାଵ ൌ 0, when 𝑟ିଵ is divided by 𝑟ሿ. 
 
We assert that  𝑟 ൌ gcdሺ𝑎, 𝑏ሻ. 
 
First of all we prove the  Lemma :  If 𝒂 ൌ 𝒃. 𝒒  𝒓 , 𝒕𝒉𝒆𝒏 𝒈𝒄𝒅ሺ𝒂, 𝒃ሻ ൌ 𝒈𝒄𝒅ሺ𝒃, 𝒓ሻ. 
 
Proof:  Let  𝑑 ൌ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ  ⟹  𝑑|𝑎 , 𝑑|𝑏 ⟹  𝑑|ሺ𝑎 െ 𝑏. 𝑞ሻ ⟹  𝑑|𝑟 . 
             ⟹  𝑑 is a common divisor of 𝑏 and 𝑟 . 
             Let  𝑐 be any other common divisor of 𝑏 and 𝑟 ⟹  𝑐|ሺ𝑏. 𝑞  𝑟ሻ ⟹  𝑐|𝑎 . 
             ⟹  𝑐 is a common divisor of 𝑎 and 𝑏 ⟹  𝑐|𝑑 , since 𝑑 ൌ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ. 
  ⟹  𝑑 ൌ 𝑔𝑐𝑑ሺ𝑏, 𝑟ሻ, since 𝑑 is a common divisor of 𝑏 and 𝑟 . 
  ⟹ 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ ൌ 𝑔𝑐𝑑ሺ𝑏, 𝑟ሻ. 
 
We utilize the lemma to show that  𝑟 ൌ gcdሺ𝑎, 𝑏ሻ. 

𝑟 ൌ gcdሺ0, 𝑟ሻ ൌ gcdሺ𝑟ିଵ, 𝑟ሻ ൌ gcdሺ𝑟ିଶ, 𝑟ିଵሻ ൌ gcdሺ𝑟ିଷ, 𝑟ିଶሻ ൌ ⋯ ⋯ 
                 ൌ gcdሺ𝑟ଶ, 𝑟ଷሻ ൌ gcdሺ𝑟ଵ, 𝑟ଶሻ ൌ gcdሺ𝑏, 𝑟ଵሻ ൌ gcdሺ𝑎, 𝑏ሻ. 
Also     𝑟 can be expressed as a linear combination of 𝑎 and 𝑏. 

Because we have  𝑟 ൌ 𝑟ିଶ െ 𝑟ିଵ. 𝑞 ൌ 𝑟ିଶ െ ሺ𝑟ିଷ െ 𝑟ିଶ. 𝑞ିଵሻ. 𝑞 . 

                                  ൌ ሺ1  𝑞ିଵ. 𝑞ሻ. 𝑟ିଶ  ሺെ𝑞ሻ. 𝑟ିଷ . [linear combination of 𝑟ିଶ , 𝑟ିଷሿ 

Proceeding backwards we can express 𝑟 as a linear combination of 𝑎 and 𝑏. 



 

 

Exercise: 9.  Use Euclidean algorithm to find integers 𝑢 and 𝑣 such that  

(i) 𝑔𝑐𝑑ሺ72, 120ሻ  ൌ 72𝑢  120𝑣    (ii)     𝑔𝑐𝑑ሺ13, 80ሻ ൌ 13𝑢  80𝑣 . 

Solution:  (i) Let us find the 𝑔𝑐𝑑ሺ72, 120ሻ.  By Euclidean algorithm,  

                     120 ൌ 72.1  48, 72 ൌ 48.1  24, 48 ൌ 24.2  0 ; 

           ∴ 𝑔𝑐𝑑ሺ72, 120ሻ ൌ 24  (The last non-zero remainder). 

                     Now  24 ൌ 72 െ 48.1 ൌ 72 െ ሺ120 െ 72ሻ. 1 ൌ 72.2  120. ሺെ1ሻ. 

                                     ൌ 72𝑢  120𝑣 ,   where  𝑢 ൌ 2, 𝑣 ൌ െ1 . 

Solution:  (ii) Let us find the 𝑔𝑐𝑑ሺ13, 80ሻ.  By Euclidean algorithm,  

                     80 ൌ 13.6  2, 13 ൌ 2.6  1, 2 ൌ 1.2  0 ; 

           ∴ 𝑔𝑐𝑑ሺ13, 80ሻ ൌ 1  (The last non-zero remainder). 

                     Now  1 ൌ 13 െ 2.6 ൌ 13 െ ሺ80 െ 13.6ሻ. 6 ൌ 13.37  80. ሺെ6ሻ. 

                                  ൌ 13𝑢  80𝑣 ,   where  𝑢 ൌ 37, 𝑣 ൌ െ6 . 

Exercise: 10.  Find integers 𝑢 and 𝑣 satisfying  

(i) 20𝑢  63𝑣 ൌ 1 ,    (ii)     30𝑢  72𝑣 ൌ 12 ,   (iii)   52𝑢 െ 91𝑣 ൌ 78. 

Solution:  (i) Let us find the 𝑔𝑐𝑑ሺ20, 63ሻ.  By Euclidean algorithm,  

                     63 ൌ 20.3  3, 20 ൌ 3.6  2, 3 ൌ 2.1  1 , 2 ൌ 1.2  0. ; 

           ∴ 𝑔𝑐𝑑ሺ20, 63ሻ ൌ 1  (The last non-zero remainder). 

                     Now  1ൌ 3 െ 2.1 ൌ 3 െ ሺ20 െ 3.6ሻ. 1 ൌ 3.7  20. ሺെ1ሻ 

                                 ൌ ሺ63 െ 20.3ሻ. 7  20. ሺെ1ሻ ൌ 63.7  20. ሺെ22ሻ. 

                                 ൌ 20𝑢  63𝑣 ,   where  𝑢 ൌ െ22, 𝑣 ൌ 7 . 

Solution:  (ii)  Do yourself.            

Solution:  (iii) Let us find the 𝑔𝑐𝑑ሺ52, 91ሻ.  By Euclidean algorithm,  

                     91 ൌ 52.1  39, 52 ൌ 39.1  13, 39 ൌ 13.3  0 .  

           ∴  𝑔𝑐𝑑ሺ52, 91ሻ ൌ 13  (The last non-zero remainder). 

                     Now  13 ൌ 52 െ 39.1 ൌ 52 െ ሺ91 െ 52.1ሻ ൌ 52.2 െ 91.1 

                       ⟹   13.6 ൌ 52.2.6 െ 91.1.6 

                       ⟹   78    ൌ 52.12 െ 91.6 ൌ 52𝑢 െ 91𝑣 ,    where  𝑢 ൌ 12, 𝑣 ൌ 6 . 

 



 

Exercises: 3A  (S.K.Mapa) 

2. Prove that  (i)   the square of any integer is of the form 5𝑘  or 5𝑘 േ 1 .  
(ii)  the square of any integer is of the form 3𝑘  or 3𝑘  1 . 
(iii)  the cube of any integer is of the form 9𝑘  or 9𝑘 േ 1 .  

Solution:  (i) By Division algorithm every integer 𝑛, upon division by 5, can be of the forms: 
                       𝑛 ൌ 5𝑞  𝑟 , where  0  𝑟 ൏ 5 ;   𝑞 ∈ ℤ . 
                       So that  𝑛 is one of the forms∶  5𝑞, 5𝑞  1, 5𝑞  2, 5𝑞  3, 5𝑞  4 . 
            If  𝑛 ൌ 5𝑞  then  𝑛ଶ ൌ ሺ5𝑞ሻଶ ൌ 5. ሺ5𝑞ଶሻ ൌ 5𝑘 , where  𝑘 ൌ 5𝑞ଶ. 
            If  𝑛 ൌ 5𝑞  1  then  𝑛ଶ ൌ ሺ5𝑞  1ሻଶ ൌ 5. ሺ5𝑞ଶ  2𝑞ሻ  1 
                                                                                     ൌ 5𝑘  1 , where  𝑘 ൌ 5𝑞ଶ  2𝑞. 
                       If  𝑛 ൌ 5𝑞  2  then  𝑛ଶ ൌ ሺ5𝑞  2ሻଶ ൌ 5. ሺ5𝑞ଶ  4𝑞  1ሻ െ 1 
                                                                                     ൌ 5𝑘 െ 1 , where  𝑘 ൌ 5𝑞ଶ  4𝑞  1. 
                       If  𝑛 ൌ 5𝑞  3  then  𝑛ଶ ൌ ሺ5𝑞  3ሻଶ ൌ 5. ሺ5𝑞ଶ  6𝑞  2ሻ െ 1 
                                                                                     ൌ 5𝑘 െ 1 , where  𝑘 ൌ 5𝑞ଶ  6𝑞  2. 
            If  𝑛 ൌ 5𝑞  4  then  𝑛ଶ ൌ ሺ5𝑞  4ሻଶ ൌ 5. ሺ5𝑞ଶ  8𝑞  3ሻ  1 
                                                                                     ൌ 5𝑘  1 , where  𝑘 ൌ 5𝑞ଶ  8𝑞  3. 
           ∴  The square of any integer is of the form 5𝑘  or 5𝑘 േ 1 . 
 
Solution:  (ii)   Do yourself. 
 
Solution:(iii) By Division algorithm every integer 𝑛, upon division by 3, can be of the forms: 
                       𝑛 ൌ 3𝑞  𝑟 , where  0  𝑟 ൏ 3 ;   𝑞 ∈ ℤ . 
                       So that  𝑛 is one of the forms∶  3𝑞, 3𝑞  1, 3𝑞  2 . 
            If  𝑛 ൌ 3𝑞  then  𝑛ଷ ൌ ሺ3𝑞ሻଷ ൌ 9. ሺ3𝑞ଷሻ ൌ 9𝑘 , where  𝑘 ൌ 3𝑞ଷ. 
            If  𝑛 ൌ 3𝑞  1  then  𝑛ଷ ൌ ሺ3𝑞  1ሻଷ ൌ 9. ሺ3𝑞ଷ  3𝑞ଶ  𝑞ሻ  1 
                                                               ൌ 9𝑘  1 , where  𝑘 ൌ 3𝑞ଷ  3𝑞ଶ  𝑞. 
                       If  𝑛 ൌ 3𝑞  2  then  𝑛ଷ ൌ ሺ3𝑞  2ሻଷ ൌ 9. ሺ3𝑞ଷ  6𝑞ଶ  4𝑞  1ሻ െ 1 
                                                               ൌ 9𝑘 െ 1 , where  𝑘 ൌ 3𝑞ଷ  6𝑞ଶ  4𝑞  1. 
                       ∴  The cube of any integer is of the form 9𝑘  or 9𝑘 േ 1 . 
 

8.  (i)   If 𝑎 is prime to 𝑏 and 𝑐 is a divisor of 𝑎, prove that 𝑐 is prime to 𝑏.  

Solution:  (i)  𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ ൌ 1 ⟹  ∃ 𝑢, 𝑣 ∈ ℤ   𝑠. 𝑡.  𝑎. 𝑢  𝑏. 𝑣 ൌ 1. 
                       𝑐|𝑎 ⟹  ∃ 𝑚 ∈ ℤ   𝑠. 𝑡.  𝑎 ൌ 𝑚. 𝑐  . 
                       So  𝑎. 𝑢  𝑏. 𝑣 ൌ 1  ⟹  𝑚. 𝑐. 𝑢  𝑏. 𝑣 ൌ 1  ⟹  𝑐. ሺ𝑚. 𝑢ሻ  𝑏. 𝑣 ൌ 1. 
                       ⟹  𝑔𝑐𝑑ሺ𝑐, 𝑏ሻ ൌ 1 , since ሺ𝑚. 𝑢ሻ , 𝑣 ∈ ℤ . 
                       ∴   𝑐 is prime to 𝑏 . 
 
  


